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Abstract
We study the coupling of spectral triples with twisted real struc-
tures to gauge fields in the framework of noncommutative geometry
and, adopting Morita equivalence via modules and bimodules as a
guiding principle, give special attention to modifying the inner fluc-
tuations of the Dirac operator. In particular, we analyse the twisted
first-order condition as a possible alternative to the approach of [7],
and elaborate upon the special case of gauge transformations accord-
ingly. Applying the formalism to a toy model, we argue that under
certain physically-motivated assumptions the spectral triple based on
the left-right symmetric algebra should reduce to that of the Standard
Model of fundamental particles and interactions, as in the untwisted
case.
1 Introduction
The framework of Connes’ noncommutative geometry (see e.g., [9]) appears
well-suited to providing a natural mathematical framework for expressing
certain gauge theories, including that of the Standard Model of particle
physics, which accurately describes all presently known high energy physics
phenomena.
A detailed treatment covering the noncommutative geometric formula-
tion of the Standard Model is provided in [12], but for our purposes it is
sufficient to say that the real even spectral triple describing the Standard
Model comes from the product of the manifold spectral triple
(C∞(M), L2(M,S), /D, JM, γM),
which describes the spatial degrees of freedom, with the finite spectral triple
(ASM,C96, DSM, JF , γF ),
which describes the internal degrees of freedom of the theory. Here, for a
manifoldM, C∞(M) is the algebra of smooth functions onM, L2(M,S) is
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the space of square-integrable spinors onM, /D is the Dirac operator associ-
ated to the spinor bundle S, ASM is the real ∗-algebra C⊕H⊕M3(C), DSM
is the fermionic mass matrix, JM ⊗ JF is the charge conjugation operator,
and γM ⊗ γF is the chirality operator.
It is well-known that the KO-dimension for the finite part of the spectral
triple for the Standard Model must be 6 (see [1, 11]). Assuming that the
Hilbert space admits a symplectic structure, the smallest irreducible rep-
resentation of a matrix algebra on finite-dimensional Hilbert space, whose
grading is compatible with the grading on the algebra, and which is of KO-
dimension 6, is M2(H) ⊕M4(C) [4].1 The form of the grading breaks this
algebra down to the ‘left-right symmetric algebra’2 ALR = HL⊕HR⊕M4(C),
and the satisfaction of the first-order condition breaks ALR down to ASM.
As the gauge group of a spectral triple comes from the choice of finite
algebra, and extensions of the Standard Model coming from enlargements
of the gauge group are of ongoing physical interest, it is natural to ask if
the first-order condition can be jettisoned such that ALR can be taken as
the algebra of the spectral triple, and if so, what gauge theory this spectral
triple would correspond to. The first of these questions was answered in the
affirmative by [7]. The second question was answered by [6] and [8], and
it was found that this spectral triple corresponds to a family of Pati-Salam
SU(2)L × SU(2)R × SU(4) models.
One should not be too hasty in discarding the first-order condition,
though. For one thing, it is the noncommutative equivalent of the require-
ment that a generalised Dirac operator be a first-order differential operator.
Furthermore, it was introduced (along with the real structure J which imple-
ments it) in [10] at least partly to better define the notion of gauge theories
in noncommutative geometry. It would seem preferable, then, to search for
a less radical solution. A generalised notion of real structure is given by the
twisted real structure of [2], which was there demonstrated to be applicable
to the case of certain conformal transformations of real spectral triples. The
range of applicability was subsequently further extended by [14] using “mul-
titwisted” real structures. We hence investigate the possibility that such
twisted real structures might offer a route to implementing the left-right
symmetric spectral triple with only a weakening, rather than a complete
discarding, of the first-order condition, or if the reduction to the Standard
Model is unavoidable, as occurs when imposing the (untwisted) first-order
condition.
In order to do so, in §3 (culminating in Thm. 3.7) we present a construc-
tion of Morita-(self-)equivalence bimodules for spectral triples with twisted
real structure that gives the expected form of inner fluctuations of the Dirac
1A more principled justification for considering algebras of the form Mk(H)⊕M2k(C)
for applications to quantum physics is offered in [5].
2The reader should beware that this name is sometimes given to the algebra
C⊕HL ⊕HR ⊕M3(C).
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operator (cf. [2, §2.2]). In §4 we use this construction to develop a notion of
gauge transformations for spectral triples with twisted real structure, given
in Thm. 4.3. The necessary alterations to the spectral action are then de-
scribed in §5 and finally, in §6 we attempt to apply the formalism to the
toy model based on the algebra CL⊕CR⊕M2(C), which takes the role of a
simplified version of the spectral Pati-Salam model.3 In the course of doing
so we discuss various issues and limitations we encounter both for the toy
model and for the full physical model.
2 Twisted real structures
Let A be a complex unital ∗-algebra and H a Hilbert space admitting
a ∗-representation pi : A → B(H) where B(H) denotes the C*-algebra of
bounded linear operators on H.
Furthermore, let D be a densely-defined self-adjoint linear operator on
H with compact resolvent such that [D,pi(a)] ∈ B(H) for all a ∈ A (the
“generalised Dirac operator”), J an antilinear map J : H → H such that
J2 = ±1 and J∗ = J−1 (the “real structure”), and γ : H → H a Z2-grading
operator on a Hilbert space H such that γ2 = 1 and γ∗ = γ.
Let ν be a bounded operator on H with bounded inverse such that there
exists an algebra automorphism νˆ : A → A implemented by
pi(νˆ(a)) := νpi(a)ν−1 (2.1)
for all a ∈ A. We will call such a ν a twist operator. It is also possible to
define another algebra automorphism ν˜ : A → A using ν which is given by
pi(ν˜(a)) := ν∗pi(a)(ν∗)−1. (2.2)
Note that we can express ν˜ in terms of νˆ by ν˜(a∗) = (νˆ−1(a))∗ for any a ∈ A.
Definition 2.1. A spectral triple with twisted real structure is a collection of
spectral data (A,H, D, J, ν) such that the following conditions are satisfied
for all a, b ∈ A: [
pi(a), Jpi(b)J−1
]
= 0, (2.3)
[D,pi(a)]Jpi(νˆ2(b))J−1 = Jpi(b)J−1[D,pi(a)], (2.4)
DJν = ε′νJD, (2.5)
νJν = J, (2.6)
where ε′ ∈ {1,−1}. These conditions we will refer to as, respectively, the
zeroth-order condition, the ν-twisted first-order condition, the ν-twisted ε′
condition and the regularity condition. ♦
3To be precise, in [7] it is argued that this algebra gives rise to a U(1)L×U(1)R×U(2)
gauge theory in the absence of the first-order condition.
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Remark. In Def. 2.1, several technical requirements must be met for all of
the expressions given to be well-defined. We do not list them explicitly, as
they are ‘natural’ and regard the preservation of the domain of the operator
D under the action of the various bounded operators (pi(a) for a ∈ A, J , ν,
etc.). ♦
Remark. Because νˆ is an automorphism of A, we can equivalently express
(2.4) in the ‘balanced’ form
[D,pi(a)]Jpi(νˆ(b))J−1 = Jpi(νˆ−1(b))J−1[D,pi(a)]. (2.7)
Compatibility of (2.4) with the ∗-structure forces one to also require
[D,pi(a)]Jpi(ν˜(b))J−1 = Jpi(ν˜−1(b))J−1[D,pi(a)], (2.8)
which as ν˜ is also an automorphism, can also be expressed in the ‘unbalanced’
form of (2.4). We note that (2.8) follows as a consequence of (2.4) (rather
than being taken as an additional assumption) when ν = ν∗. ♦
Remark. It is clear from the above definition that the familiar, ‘ordinary’ real
spectral triples (A,H, D, J) can be considered as special cases of spectral
triples with twisted real structure with the trivial twist operator ν = 1. In
this document, we will refer to these spectral triples as ‘trivially-twisted’.
For the sake of ease, in this document we will retain the familiar notation
omitting ν, rather than writing the full (A,H, D, J, 1) for these spectral
triples. ♦
Note. The conditions (2.4) and (2.5) have better-known analogues coming
from the trivially-twisted case. These are respectively
[D,pi(a)]Jpi(b)J−1 = Jpi(b)J−1[D,pi(a)], (2.9)
the first-order condition, and
DJ = ε′JD, (2.10)
where ε′ ∈ {−1,+1}, which we refer to as the ε′ condition.
Spectral triples with twisted real structure were first introduced in [2].
Definition 2.2. A spectral triple with twisted real structure (A,H, D, J, ν)
is called even if its spectral data includes a grading operator γ such that
γD = −Dγ and [γ, pi(a)] = 0 for all a ∈ A. Furthermore, γ is also required
to satisfy
γνJ = ε′′νJγ, (2.11)
which we refer to as the ν-twisted ε′′ condition, with ε′′ ∈ {−1,+1}, and the
commutation relation [
γ, ν2
]
= 0. (2.12)
♦
4
Note. The condition (2.11) has a better-known analogue from the trivially-
twisted case,
γJ = ε′′Jγ, (2.13)
where ε′′ ∈ {−1,+1}, which we refer to as the ε′′ condition.
Remark. It is worth noting that previous papers on twisted real structures
(e.g., [2, 3]) take (2.13) rather than (2.11). The motivation for using (2.11)
in this paper instead comes from Prop. 3.4, and the fact that (2.11) is the
weaker choice of the two constraints. ♦
Spectral triples which are not even are referred to as odd. As a point of no-
tation, such even spectral triples with twisted real structure will be denoted
by (A,H, D, J, γ, ν). To be consistent with the convention established earlier,
trivially-twisted real even spectral triples will be denoted by (A,H, D, J, γ).
Where not defined explicitly, context should make clear whether a collection
of spectral data is an odd spectral triple with twisted real structure or an
even trivially-twisted real spectral triple.
It is important to note that spectral triples with twisted real structure are
different to the “twisted spectral triples” introduced in [13], and one should
take special care not confuse the two. However, it is possible in many cases
to draw equivalences between the two frameworks (see [3]), and some looser
parallels can be drawn too, as we shall see in the next section.
It will frequently occur that we will take the twist operator to be self-
adjoint or involutive up to sign. When it is necessary to keep track of these
signs, we will consistently refer to them as α1 and α2 respectively, i.e., if ν is
self-adjoint up to sign we will say ν = α−1ν∗ and if ν is involutive up to sign,
we will say that ν = α2ν−1. Regarding the latter case in particular, we will
refer to spectral triples with such involutive-twisted real structures as being
mildly-twisted, because these spectral triples satisfy the ordinary first-order
condition (2.9).
As a further point of notation, we additionally define the conjugate ∗-
representation piJ(a) := Jpi(a)J−1 for any a ∈ A. It will also be useful to
further define the ∗-antirepresentation pi∗J(a) := Jpi(a)∗J−1 for any a ∈ A.
These will make it more convenient to use the following notation for twisted
commutators:
[T, a]piσ := Tpi(a)− pi(σ(a))T,
for a ∈ A, T an operator on H, pi : A → B(H) and σ an algebra automor-
phism ofA. Of course, in this notation we might write ordinary commutators
of operators with algebra elements as [T, a]piidA although in this document we
will favour the standard notation [T, pi(a)] for simplicity. With this notation,
we have the following nice results from [3].
Lemma 2.3. The ν-twisted first-order condition (2.4) can be equivalently
written as
[[D, a], b]piJ
νˆ−2 = 0
5
for any a, b ∈ A.
Lemma 2.4. Let T be an operator on H, with the algebra A represented on
H by pi : A → B(H) and piJ : A → B(H), with the algebra automorphisms
σ, ρ ∈ Aut(A). Then if (2.3) holds, we have
[[T, a] piσ, b]
piJ
ρ = [[T, b]
piJ
ρ , a]
pi
σ
for all a, b ∈ A.
One final result that will be of some relevance later is the following propo-
sition.
Proposition 2.5. Suppose that (A,H, D, J, γ, ν) is an even spectral triple
with twisted real structure with KO-dimension signs (ε, ε′, ε′′) whose twist
operator satisfies ν = αν∗ = αν−1 for α ∈ {+1,−1}. Then (A,H, D, νJ, γ)
is an even (trivially-twisted) real spectral triple with KO-dimension signs
(ε, αε′, ε′′) provided that ν is a linear operator.
Alternatively, suppose that (A,H, D, J, γ, ν) is an even spectral triple with
twisted real structure with KO-dimension signs (ε, ε′, ε′′) whose twist operator
satisfies ν = α2ν−1 for α2 ∈ {+1,−1} and νD = β1Dν, νγ = β2γν for βi ∈
{+1,−1}. Then this spectral triple with twisted real structure is equivalent
to the even (trivially-twisted) real spectral triple (A,H, D, J, γ) with KO-
dimension signs (ε, α2β1ε′, β2ε′′).
Proof. We begin with the first claim. Let us call νJ =: J and require that
ν = α1ν
∗ = α2ν−1 for α1, α2 ∈ {+1,−1}. We first check that J is a valid
real structure. First of all, as it is the product of a linear and an antilinear
operator, it is itself antilinear. It is straightforward to find
J ∗ = J∗ν∗ = α1J−1ν = α1α2J−1ν−1 = α1α2J −1
and so it is antiunitary provided α1α2 = 1. This implies that α1 = α2, and
so we call α = α1 = α2. Furthermore,
J 2 = νJνJ = J2 = ε1
by (2.6).
It is equally straightforward to see that
DJν = ε′νJD
αDνJ = ε′νJD
DJ = αε′JD
and so (2.5) reduces to (2.10) with the sign αε′. Similar reasoning shows
that (2.4) reduces to (2.9), particularly if one considers the ‘balanced’ form
[D,pi(a)]Jνpi(b)ν−1J−1 = Jν−1pi(b)νJ−1[D,pi(a)]
α2[D,pi(a)]J pi(b)J −1 = J pi(b)J −1[D,pi(a)]
[D,pi(a)]J pi(b)J −1 = J pi(b)J −1[D,pi(a)].
6
In the even case, all of the above applies unchanged. The requirement
that
[
γ, ν2
]
= 0 is satisfied trivially as ν2 ∝ 1 and γνJ = ε′′νJγ immediately
becomes γJ = ε′′J γ by the definition of J , and so (2.11) reduces to (2.13).
For the second claim, ν2 ∝ 1 immediately reduces (2.4) to (2.9). The
reduction of (2.5) to (2.10) and (2.11) to (2.13) comes more or less imme-
diately from the fact that (2.6) reduces to νJ = α2Jν combined with the
commutation relations between ν and D and γ respectively.
Remark. The alteration of the KO-dimension signs in going from a spectral
triple with twisted real structure to a real spectral triple as outlined above
may in some cases require a redrawing the standard table of KO-dimensions
(as must be done when changing the real structure of an even real spectral
triple from J to γJ). However, we will not address this issue in detail in
this paper, but rather assume for simplicity that we are only looking at cases
where this is not an issue. ♦
3 Morita equivalence of spectral triples with twisted
real structure
Before we can talk about the applications of spectral triples with twisted
real structure to gauge theories, we should understand how the changes to
the usual definitions discussed in the previous section affect the definition
of gauge transformations, and in order to do this we must discuss how the
notion of Morita equivalence has been changed. In this section and the next,
we largely follow [20] to the extent that there is overlapping material, using
[19] as an additional reference for the conventional case.
3.1 Inner fluctuations
We first consider inner fluctuations of the Dirac operator. For trivially-
twisted spectral triples, such fluctuations of the Dirac operator are given
by
Dω = D + ω + ε
′JωJ−1, (3.1)
for ω∗ = ω ∈ Ω1D(A) a self-adjoint 1-form. Given the choice, we would like
as much as possible to maintain the 1-form structure of the conventional
construction, in particular, that Ω1D(A) be generated by A and Der(A).
However, if Dω is to satisfy (2.5) then it should instead be of the form4
Dω = D + ω + ε
′νJωJ−1ν. (3.2)
4Equation (5) is not the only possible inner fluctuation of D which satisfies (2.5). One
could equally define
D′ω = D + νων + ε
′JωJ−1,
now with νων ∈ Ω1D(A). However, this somewhat muddies the conceptual clarity that (5)
provides, and so we have not considered it further.
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The relevant question is then whether or not we can sensibly implement such
a fluctuation as this.
3.1.1 Morita equivalence by right module
In order to derive the fluctuation of the Dirac operator in a consistent way, we
must have a sensible notion of what it means for a spectral triple with twisted
real structure to be Morita (self-)equivalent. What follows is a summary of
Morita self-equivalence, i.e., when the Morita equivalence between algebras
A and B is given in terms of a module E = A while taking B = A, because
this is the case that we are most interested in. However, it is not difficult to
extend the construction.
For the equivalence by right module, we will not need the real structure,
and the twist will play no role, so we simply summarise the standard con-
struction. Consider a spectral triple (A,H, D), for which we want to deter-
mine a right module Morita self-equivalent spectral triple (B,HR, DR). We
treat EA = A as a right A-module, and the action of the algebra B = A on
the Hilbert space HR = A⊗AH ' H is simply given by the ∗-representation
aψ := pi(a)ψ
for all a ∈ A and ψ ∈ H. We introduce the derivation
δ(a) := [D,pi(a)]
for all a ∈ A which generates the space of noncommutative 1-forms, which
is the A-bimodule Ω1D(A) with bimodule product
a · ω · b := pi(a)ωpi(b)
for a, b ∈ A and ω ∈ Ω1D(A). The Ω1D(A)-valued connection on the right
module A is the sum of the Grassmann connection and a 1-form
∇ = δ + ω ·
for ω ∈ Ω1D(A).
Now, the simplest action ofD onHR is given byDr(a⊗ψ) := a⊗Dψ, but
this does not respect the module structure as Dr(a⊗ bψ)−Dr(ab⊗ ψ) 6= 0
for all a, b ∈ A, and so it is necessary to make the correction
DR(a⊗ ψ) = a⊗Dψ +∇(a)ψ
= a⊗Dψ + 1⊗ δ(a)ψ + 1⊗ (ω · a)ψ
= 1⊗Dpi(a)ψ + 1⊗ ωpi(a)ψ.
Making the identification a⊗ ψ ∈ HR with pi(a)ψ ∈ H, we therefore have
DR = D + ω
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for ω ∈ Ω1D(A), i.e., the action of DR on H is given by D + ω.
Thus the spectral triple (A,H, D) is Morita self-equivalent to the spectral
triple (B,HR, DR) = (A,H, D+ω). However, if our original spectral triple is
a real spectral triple with real structure J , then along with the twist operator
ν it necessarily obeys (2.5). The same cannot be said for (A,H, D+ω, J, ν),
which obeys (2.5) if and only if ω = ε′νJωJ−1ν. But it is not difficult to
show that, for ω =
∑
j pi(aj)[D,pi(bj)] ∈ Ω1D(A),
ε′νJωJ−1ν =
∑
j
νJpi(aj)J
−1ν−1(Dν−1Jpi(bj)J−1ν − νJpi(bj)J−1ν−1D)
=
∑
j
piJ(νˆ
−1(aj))[D, νˆ(bj)]piJνˆ−2 , (3.3)
which has no reason to be equal to ω in general.
3.1.2 Morita equivalence by left module
The situation is necessarily more complicated for the case of left module
Morita equivalence, keeping equation (3.3) in mind. We will proceed basing
our construction off the standard algebra bijection
a◦ := Jpi(a)∗J−1, (3.4)
noting that A◦ is a representation of the opposite algebra Aop.
We now diverge from the conventional construction, and so we will be a
little more detailed, summarising the full derivation for Morita equivalence,
later focussing on the case of self-equivalence. As such, we will initially try
to find the Morita equivalence between the spectral triples (A,H, D) and
(B,HL, DL) implemented by the (hermitian finite projective) left A-module
EA such that B ' EndA( EA ). As in the conventional case, since EA is
hermitian we take it to be equipped with an A-valued inner product 〈•, •〉A .
The module itself is not a Hilbert space, but one can instead consider
HL := H⊗A ( EA ),
which is a Hilbert space when equipped with the inner product
〈ψ1 ⊗ e1, ψ2 ⊗ e2〉HL = 〈ψ1 〈e1, e2〉A , ψ2〉H
for all ψi ∈ H and ei ∈ EA . The right action of B ' EndA( EA ) on EA is
then extended to HL by
(ψ ⊗ e)b := ψ ⊗ eb.
In addition to the standard opposite map (3.4), we further define two
new “twisted-opposite" maps
a⊕ := (ν˜(a))◦ = Jν−1pi(a)∗νJ−1,
a	 := (ν˜−1(a))◦ = Jνpi(a)∗ν−1J−1,
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noting that both a⊕ and a	 are (still) elements of A◦ for a ∈ A, and that
each twisted-opposite map separately preserves the algebra product.
For the spectral triple (A,H, D) we can now implement a left module
Morita self-equivalent spectral triple (B,HL, DL) using the twisted real struc-
ture (J, ν) by treating E = A as a left A-module such that B = A. We then
demand that the action of B on the Hilbert space HL = H ⊗A A ' H is
given by5
ψa := a	ψ = Jνpi(a)∗ν−1J−1ψ (3.5)
for all a ∈ A and ψ ∈ H.
Taking some inspiration from (3.3), we now define the space
Ω˜1D(A◦) :=
∑
j
pi∗J(ν˜(aj))
[
D, ν˜−1(bj)
]pi∗J
ν˜2
: aj , bj ∈ A
 ,
noting that pi∗J(ν˜(a)) ≡ a⊕ and pi∗J(ν˜−1(b)) ≡ b	. Thus this space could
equivalently be defined by
Ω˜1D(A◦) =
∑
j
a⊕j (Db
	
j − b⊕j D) : a⊕j , b	j , b⊕j ∈ A◦
 ,
which the reader may find more notationally transparent. We denote the
elements of this space by ω to contrast with the more familiar ω◦ := JωJ−1.
This space is an A-bimodule with bimodule action defined by
a · ω · b := b⊕ωa	
for all a, b ∈ A and ω ∈ Ω˜1D(A◦), and it is generated by the derivation
δ(a) := Da	 − a⊕D (3.6)
for a ∈ A. This is a derivation in the sense that:6
δ(ab) = D(ab)	 − (ab)⊕D
= Db	a	 − b⊕a⊕D
= Db	a	 − b⊕Da	 + b⊕Da	 − b⊕a⊕D
= δ(b)a	 + b⊕δ(a)
= a · δ(b) + δ(a) · b.
5This choice of right action is not unique, but is motivated by the fact that a straight-
forward computation gives ε′νJ [D,pi(a∗)]J−1ν =
[
D, ν˜−1(a)
]pi∗J
ν˜2
, where as noted in the
main text, pi∗J(ν˜−1(a)) = a	. Thus there is a natural association between this particular
representation of Aop and the inner fluctuation of the Dirac operator .
6Of course, rather than taking δ to be a derivation with respect to an unusual bi-
module action, one could take it to be a twisted derivation with respect to the usual
bimodule action, twisted in the sense that it obeys the twisted Leibniz rule for ν˜2 the
twist: δ(ab) = δ(b)a	 +
(
ν˜(b)2
)	
δ(a). We choose to follow [20], which also keeps us
in close contact with the typical construction of a connection on a Hilbert space.
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An Ω˜1D(A◦)-valued connection on the leftA-module EA is a map∇ : EA →
Ω˜1D(A◦)⊗A ( EA ) such that
∇(ae)− a · ∇(e) = δ(a)⊗ e
for all a ∈ A and e ∈ EA , with left multiplication by A on Ω˜1D(A◦)⊗A ( EA )
given by the left module structure of Ω˜1D(A◦).
Using the action of Ω˜1D(A◦) on H we can define the map ∇ : H ⊗C
( EA )→ H⊗C ( EA ) defined by
∇(ψ ⊗ e) := ψ∇(e) (3.7)
for all e ∈ EA and ψ ∈ H.
We cannot extend this to a map on H ⊗A ( EA ) because ψ∇(ae) −
(ψa)∇(e) need not vanish. However, the obstruction is captured by the
derivation δ because the actions of A and Ω˜1D(A◦) are compatible, i.e.,
(a · ω)ψ = ωa	ψ = ω(ψa). (3.8)
In short, this means that
ψ∇(ae)− ψa∇(e) = δ(a)ψ ⊗ e. (3.9)
Remark. One notes that, though of course the meanings and rules established
are distinct, much of what we have stated (and will state) for objects like
∇, ω and δ are analogous to equivalent statements in the familiar case
with ∇◦, ω◦ and δ◦ instead. Indeed, many proofs carry over analogously
with only the need to substitute different symbols, though to some extent
this comes as a result of deliberate choices of notation. ♦
Slightly abusing our notation, we define the invertible linear module map
ν˜ : EA → EA such that
ν˜(ae) = ν˜(a)e (3.10)
for all e ∈ EA and a ∈ A, where we understand that on the right-hand side
ν˜ ∈ Aut(A). In the conventional case, the operator which might naïvely
implement the action of the Dirac operator on HL is given as D`(ψ ⊗ e) :=
Dψ ⊗ e. The equivalent in the case of a twist is given by
((1⊗ ν˜2) ◦D`)(ψ ⊗ e) := Dψ ⊗ ν˜2(e)
for all ψ ∈ H and e ∈ EA . As in the non-twisted case, this by itself is not
sufficient because it is not compatible with the tensor product:
((1⊗ ν˜2)◦DL)(ψ⊗ae)− ((1⊗ ν˜2)◦DL)(ψa⊗e) = −δ(a)ψ⊗ ν˜2(e). (3.11)
This is not zero, so as before we correct it by adding the Ω˜1D(A◦)-valued
connection:
DL := (1⊗ ν˜2) ◦ (D` +∇),
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which is well-defined on HL; the actions of A and Ω˜1D(A◦) on HL are com-
patible by (3.8) and so ∇ satisfies the Leibniz rule (3.9) and therefore by
(3.7) we have
((1⊗ ν˜2) ◦ ∇)(ψ ⊗ ae)− ((1⊗ ν˜2) ◦ ∇)(ψa⊗ e) = (1⊗ ν˜2)(δ(a)ψ ⊗ e)
= δ(a)ψ ⊗ ν˜2(e).
(3.12)
Thus, combining (3.11) and (3.12) we find that DL(ψ⊗ae)−DL(ψa⊗e) = 0
as desired.
As the left A-module EA is finite projective, we know that EA ' ANp
with p = p2 ∈MN (A). In these terms, the connection decomposes as
∇ = ∇0 + ~ω
with “twisted” Grassmann connection
∇0 (e) = (δ(e1), . . . , δ(eN ))p
for all e = (e1, . . . , eN ) ∈ EA with ej ∈ A. Meanwhile, ~ω is a map EA →
Ω˜1D(A◦)⊗A ( EA ) which is A-linear in the sense that
~ω(ae) = a · ~ω(e).
We now aim to show that the action of the Dirac operator takes a very
simple form for Morita self-equivalences. To show this, we will require the
following lemma:
Lemma 3.1. Any ω =
∑
j a
⊕
j (Db
	
j − b⊕j D) ∈ Ω˜1D(A◦) acts on H as
ω = ε′νJωJ−1ν
for ω =
∑
j pi(a
∗
j )
[
D,pi(b∗j )
]
∈ Ω1D(A).
Proof. The proof is simply by computation. Without loss of generality, and
for the sake of simplicity, we will ignore summations and representations.
ω = a⊕Db	 − a⊕b⊕D
= Jν−1a∗νJ−1DJνb∗ν−1J−1 − Jν−1a∗b∗νJ−1D
= νJa∗νJDJ−1νb∗J−1ν − νJ−1a∗b∗νJDJ−1νJν by (2.6),
= ε′(νJa∗Db∗J−1ν − νJ−1a∗b∗DJν) by (2.5),
= ε′(νJa∗Db∗J−1ν − νJa∗b∗DJ−1ν)
= ε′νJ(a∗Db∗ − a∗b∗D)J−1ν
= ε′νJa∗[D, b∗]J−1ν = ε′νJωJ−1ν.
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Proposition 3.2. In the case of Morita self-equivalence, with B = A and
EA = A, the form of the Dirac operator on HL is nothing but the bounded
perturbation
DL = D + ω
 = D + ε′νJωJ−1ν
for some ω = ε′νJωJ−1ν ∈ Ω˜1D(A◦) with ω ∈ Ω1D(A).
Proof. Because EA ' ANp with p = 1 and N = 1, we have ∇ : A →
Ω˜1D(A◦)⊗A A such that ∇ = ∇0 + ~ω with
∇0 (a) = δ(a)⊗ 1,
~ω(a) = (ωa	)⊗ 1,
where ω ∈ Ω˜1D(A◦). We therefore find
DL(ψ ⊗ a) = (1⊗ ν˜2) ◦ (D` +∇)(ψ ⊗ a)
= ((1⊗ ν˜2) ◦D`)(ψ ⊗ a) + ((1⊗ ν˜2) ◦ δ)(ψ ⊗ a)
+ ((1⊗ ν˜2) ◦ ω)(ψ ⊗ a)
= Dψ ⊗ ν˜2(a) + (1⊗ ν˜2)(δ(a)ψ ⊗ 1) + (1⊗ ν˜2)(ωa	ψ ⊗ 1)
= (Dψ)ν˜2(a)⊗ 1 + δ(a)ψ ⊗ 1 + ωa	ψ ⊗ 1
= a⊕Dψ ⊗ 1 +Da	ψ ⊗ 1− a⊕Dψ ⊗ 1 + ωa	ψ ⊗ 1
= Da	ψ ⊗ 1 + ωa	ψ ⊗ 1,
where we have used the fact that (ν˜2(a))	 = (ν˜−1(ν˜2(a)))◦ = (ν˜(a))◦ = a⊕.
By making the identification H⊗A A ' H via the identification of ψ ⊗ a =
a	ψ ⊗ 1 with ψ, one immediately finds that DL = D+ ω. The final result
then follows as a consequence of Lem. 3.1.
Thus we find that for a 1-form ω, one has that (A,H, D + ε′νJωJ−1ν)
is a spectral triple which fails to admit (J, ν) as a twisted real structure for
more or less the same reason as in the right module case. However, in this
case there is an added complication.
Lemma 3.3. If a grading operator γ anticommutes with the Dirac operator
D and commutes with (representations of) all a ∈ A, then γ also anticom-
mutes with all ω ∈ Ω1D(A).
Suppose that our spectral triples are even. In that case, the grading
operator will automatically anticommute with D + ω for ω ∈ Ω1D(A) by
Lem. 3.3. However, γ is not automatically guaranteed to anticommute with
D+ ε′νJωJ−1ν due to the presence of the twist operator. A natural way to
remedy the situation is to demand that γ commutes up to sign with νJ and
J−1ν. In that case, we have the following:
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Proposition 3.4. Let γ be a grading operator which anticommutes with the
Dirac operator D and commutes with (representations of) any a ∈ A. Then
γ also anticommutes with D + ε′νJωJ−1ν for any ω ∈ Ω1D(A) provided
γνJ = ε′′νJγ (3.13)
for ε′′ ∈ {−1,+1}, and [
γ, ν2
]
= 0. (3.14)
Proof. We first focus on the second term of the fluctuated Dirac operator.
By (3.13), we have that
γ(ε′νJωJ−1ν) = ε′ε′′νJγωJ−1ν = −ε′ε′′νJωγJ−1ν,
where the second equality is due to Lem. 3.3. We now have that
γJ−1ν = εγJν
= εγνJν2 using (2.6),
= εε′′νJγν2 by (3.13),
= εε′′νJν2γ by (3.14),
= εε′′Jνγ
= ε′′J−1νγ,
and therefore
γ(ε′νJωJ−1ν) = −ε′ε′′νJωγJ−1ν = −ε′ε′′νJωε′′J−1νγ = −(ε′νJωJ−1ν)γ.
As γD = −Dγ by assumption, this is sufficient to establish the result.
Remark. Of course, the conditions γνJ = ε′′νJγ and γJν = ε′′Jνγ are ob-
viously true if [J, ν] = 0, and the equivalence of these conditions is sufficient
to have γ anticommute with D + ε′νJωJ−1ν. However, by (2.6), that only
happens when ν2 = 1, in which case
[
γ, ν2
]
= 0 holds trivially, and so this
is only a special case of the proposition as stated. ♦
3.1.3 Bimodule and twisted real structure
To make the Morita equivalence of spectral triples compatible with the
twisted real structure, one needs to combine the above two constructions
by a bimodule. First, one fluctuates spectral triple (A,H, D) using the right
module EA = A, and then one fluctuates the resulting triple by the left
module EA = A using the twisted real structure (J, ν). This yields the triple
(A,H, D′) where
D′ = D + ωR + ε′νJωLJ−1ν (3.15)
with ωL and ωR two a priori distinct elements of Ω1D(A). The compatibility
of (3.15) with (2.5) for the real structure J and twist operator ν can then
always be demanded, as the following proposition guarantees.
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Proposition 3.5. The Dirac operator D′ satisfies (2.5) if and only if there
exists an element ω ∈ Ω1D(A) such that
D′ = D + ω + ε′νJωJ−1ν.
Proof. We have that D′ = D + ωR + ε′νJωLJ−1ν. For D′ to satisfy (2.5),
we must have D′Jν = ε′νJD′, which is the case if and only if
(ωL − ωR)− ε′νJ(ωL − ωR)J−1ν = 0.
Adding half of the left hand side of this equation (which is still equal to 0)
to the right hand side of (3.15), one gets
D′ = D +
1
2
(ωR + ωL) + ε
′νJ
1
2
(ωR + ωL)J
−1ν.
This gives the claimed result for ω = 12(ωR + ωL).
Thus, for a spectral triple with twisted real structure (A,H, D, J, ν),
one can always find a Morita self-equivalent spectral triple with twisted real
structure
(A,H, D + ω + ε′νJωJ−1ν, J, ν)
for ω ∈ Ω1D(A).
Remark. As noted in [2], Dirac operators are closed with respect to these
inner fluctuations, i.e.,
(Dω)ω′ = Dω′′
for Dω := D+ω+ε′νJωJ−1ν with ω, ω′′ ∈ Ω1D(A) and ω′ ∈ Ω1Dω(A). Explic-
itly, if ω =
∑
i pi(ai)[D,pi(bi)] and ω
′ =
∑
j pi(cj)[Dω, pi(dj)] for ai, bi, ci, di ∈
A, then one finds (suppressing representations and summations/indices) that
ω′′ is given by
ω′′ = (a− cda)[D, b] + (c− cab)[D, d] + cd[D, bd].
♦
Lemma 3.6. If (A,H, D, J, ν) is a spectral triple with twisted real structure,
then the fluctuated Dirac operator Dω = D+ω+ ε′νJωJ−1ν for ω ∈ Ω1D(A)
satisfies (2.4) with respect to the real structure J and twist operator ν.
Proof. In order for Dω to satisfy (2.4), it is sufficient for each of the three
summands to individually satisfy (2.4). As (A,H, D, J, ν) is a spectral triple
with twisted real structure, D satisfies (2.4) by assumption.
Since ω ∈ Ω1D(A), we can write it in the form ω =
∑
j pi(cj)[D,pi(dj)] for
cj , dj ∈ A. In that case, for a ∈ A we have (suppressing summations and
representations)
[ω, a] = [c[D, d], a]
= c[D, da]− cd[D, a]− ac[D, d].
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Each three of these terms satisfies (2.4) because D does by assumption.
As an example calculation, D satisfying (2.4) and a, d ∈ A implies that
[D, da]Jν2bν−2J−1 = JbJ−1[D, da]. Since (2.3) implies that cJbJ−1 =
JbJ−1c, we thus have that c[D, da]Jν2bν−2J−1 = JbJ−1c[D, da], i.e., that
c[D, da] satisfies (2.4). The computation for the other terms is carried out
in the same way.
For the final term, we can simply make use of Lem. 3.1 to note that
νJωJ−1ν ∈ Ω˜1D(A◦) for ω ∈ Ω1D(A). By the definition of Ω˜1D(A◦), any ele-
ment of Ω˜1D(A◦) can be written in the form
∑
j pi
∗
J(ν˜(cj))
[
D, ν˜−1(dj)
]pi∗J
ν˜2
or,
equivalently,
∑
j piJ(νˆ
−1(cj))[D, νˆ(dj)]piJνˆ−2 for cj , dj ∈ A. We now compute
(again suppressing summations and representations) that[
Jνˆ−1(c)J−1[D, νˆ(d)]piJ
νˆ−2 , a
]
= Jνˆ−1(c)J−1
[
[D, νˆ(d)]piJ
νˆ−2 , a
]
by (2.3). However, from Lem. 2.4 we have that
[
[D, νˆ(d)]piJ
νˆ−2 , a
]
= [[D, a], νˆ(d)]piJ
νˆ−2
and since D satisfies (2.4), w e find [[D, a], νˆ(d)]piJ
νˆ−2 = 0 by Lem. 2.3, and
thus (2.4) is satisfied by νJωJ−1ν trivially.
The sum total of these past three subsections can thus be expressed as
follows.
Theorem 3.7. For a spectral triple with twisted real structure (A,H, D, J, ν),
the spectral data (A,H, Dω, J, ν) form a spectral triple with twisted real struc-
ture, where the Dirac operator
Dω := D + ω + ε
′νJωJ−1ν
for ω ∈ Ω1D(A) is obtained from D by implementing a bimodule Morita self-
equivalence on (A,H, D, J, ν) and requiring that the resulting Dirac operator
satisfies (2.5) with respect to J and ν.
4 Gauge transformations of spectral triples with
twisted real structure
4.1 Gauge transformations
As in the previous subsection, the construction of gauge transformations for
a spectral triple with twisted real structure is more or less the same for the
case of right modules, but acquires a ‘twisting’ in the left module case. As
such, we will only briefly recapitulate the right module case.
An endomorphism u ∈ EndA(E) of a hermitian A-module E is unitary
if u∗u = uu∗ = idE . Unitary endomorphisms form a group U(E) acting on
Ω-valued connections on E as
∇u := u∇u∗
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for all u ∈ U(E), where U(E) acts on E ⊗Ω if E is a right A-module or Ω⊗E
if E is a left A-module, with actions respectively given by
u⊗ idΩ or idΩ⊗u.
These actions are called gauge transformations. Further, the ‘gauge-transformed
connection’ ∇u is itself a connection for any u ∈ U(E) and connection ∇.
For the case of right module Morita self-equivalence, where EA = A and
the connection is given by
∇ = δ + ω
for ω ∈ Ω1D(A), a gauge transformation maps the connection to
∇u = δ + ωu
where the gauge transformation is fully encoded in the transformation law
of the gauge potential
ω 7→ ωu = pi(u)ωpi(u∗) + pi(u)[D,pi(u∗)].
The implementation of a gauge transformation of the connection ∇ 7→ ∇u
amounts to substituting ∇ with ∇u in the definition of DR. Thus for a gauge
transformation by the unitary u ∈ A, DR is mapped to
DuR = D + ω
u = D + pi(u)ωpi(u∗) + pi(u)[D,pi(u∗)].
As in the previous subsection, the case of left modules diverges from
the conventional case, and so we will take more care in summarising the re-
sults. Given a hermitian finite projective left A-module EA = ANp, unitary
endomorphisms are unitary matrices in MN (A) that commute with p,
U( EA ) := {u ∈MN (A) : [u, p] = 0, u∗u = id EA },
and act by ordinary matrix multiplication
u(e) := (eu∗)p
for e ∈ EA .
Given the derivation δ as defined in (3.6), we denote by δ(u) and
δ(u∗) the elements of MN (Ω˜1D(A◦)) with components δ(uij) and δ(u∗ij)
in Ω˜1D(A◦) respectively, where 1 ≤ i, j ≤ N , and uij , u∗ij ∈ A are the matrix
components of u, u∗. Furthermore, the gauge transformation on the module
EA is given by
(~ω)u(e) := e · δ(u) · u∗p+ u(~ω(u∗(e)))
for all e ∈ EA .
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Lemma 4.1. Let ∇ be an Ω˜1D(A◦)-valued connection on the left module
EA . Then, for any u ∈ U( EA ) we have
(1⊗ ν˜2) ◦ (∇)u = (ν˜2(u))∇u∗
with (∇)u the gauge transformation (∇)u := u∇u∗ and ν˜ ∈ EndA( EA )
as given in (3.10). In particular, if EA = A, one has
(1⊗ ν˜2) ◦ (∇)u(a) = δ(au)⊗ ν˜2(u∗) + ω(au)	 ⊗ ν˜2(u∗)
for all a ∈ A.
Proof. For f ∈ EA and u ∈ U( EA ), write ∇(u∗(f)) =
∑
j(ω

j )
u ⊗ fuj with
fuj ∈ EA and (ωj )u ∈ Ω˜1D(A◦). As EA is a left module, we have the action
of u on Ω˜1D(A◦)⊗ EA given by idΩ˜1D(A◦)⊗u so on the one hand we get
((1⊗ ν˜2) ◦ (u∇u∗))(f) = (1⊗ ν˜2)
∑
j
(ωj )
u ⊗ u(fuj )

=
∑
j
(ωj )
u ⊗ ν˜2(u(fuj )).
On the other hand,
(ν˜2(u)∇u∗)(f) = ν˜2(u)
∑
j
(ωj )
u ⊗ fuj
 = ∑
j
(ωj )
u ⊗ ν˜2(u)(fuj ),
but this is the same as the previous equation, thus proving the first part of
the lemma.
For the second part of the lemma, we have ∇ = ∇0 + ~ω given by
∇0 (a) = δ(a) ⊗ 1 and ~ω(a) = (ωa	) ⊗ 1 for any a ∈ A. We also have
u(e) = eu∗ (as EA ' ANp here has p = 1 and N = 1) for e ∈ A, and thus
we find
(∇)u(a) := (u∇u∗)(a) = (u∇)(au) = u(∇0 (au) + ~ω(au))
= u
(
δ(au)⊗ 1 + ω(au)	 ⊗ 1)
= δ(au) · u∗ ⊗ 1 + (ω(au)	) · u∗ ⊗ 1
= δ(au)⊗ u∗ + ω(au)	 ⊗ u∗.
Continuing on, we have
(1⊗ ν˜2) ◦ (∇)u(a) = (1⊗ ν˜2)(δ(au)⊗ u∗ + ω(au)	 ⊗ u∗)
= δ(au)⊗ ν˜2(u∗) + ω(au)	 ⊗ ν˜2(u∗).
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Just like in the right module case, we implement the gauge transformation
for the left module case by replacing ∇ with (∇)u in the definition of DL.
For the case where EA = A, we obtain the following explicit formula:
Proposition 4.2. For a gauge transformation with unitary u ∈ A, the op-
erator DL = D + ω is mapped to DuL = D + (ω
)u where the transformed
1-form is given by
(ω)u := (u∗)⊕ωu	 + (u∗)⊕δ(u).
Proof. We have from the previous lemma
DuL(ψ ⊗ a) = ((1⊗ ν˜2) ◦ (DL + (∇)u))(ψ ⊗ a)
= Dψ ⊗ ν˜2(a) + δ(au)ψ ⊗ ν˜2(u∗) + ω(au)	ψ ⊗ ν˜2(u∗)
=
(
a⊕D + (u∗)⊕D(au)	 − (u∗)⊕(au)⊕D)ψ ⊗ 1 + (u∗)⊕ωu	a	ψ ⊗ 1
= (u∗)⊕Du	a	ψ ⊗ 1 + (u∗)⊕ωu	a	ψ ⊗ 1
=
(
D + (u∗)⊕(Du	 − u⊕D)) a	ψ ⊗ 1 + (u∗)⊕ωu	a	ψ ⊗ 1.
By definition, Du	 − u⊕D = δ(u). Identifying ψ ⊗ a = a	ψ ⊗ 1 with
ψ ∈ H ⊗A A ' H therefore gives the proposition.
4.1.1 Gauge transformations for a spectral triple
The results of the previous subsection, along with Thm. 3.7, give the follow-
ing result:
Theorem 4.3. Let (A,H, Dω, J, ν) be a spectral triple with twisted real struc-
ture obtained by bimodule Morita self-equivalence from the spectral triple with
twisted real structure (A,H, D, J, ν), where Dω is the Dirac operator fluctu-
ated from D by the 1-form ω ∈ Ω1D(A).
The law for the gauge transformation of a 1-form ω by a unitary element
u ∈ U(A) is given by that of the gauge potential
ω 7→ ωu = pi(u)ωpi(u∗) + pi(u)[D,pi(u∗)],
such that the gauge transformation of the Dirac operator Dω by u ∈ U(A) is
given by
Dω 7→ Duω = D + ωu + ε′νJωuJ−1ν ≡ Dωu .
Remark. The above expression is found by mapping ω 7→ ωu on the operator
Dω after ωL and ωR have been identified. For the sake of consistency, one
should check that the same result applies for gauge transforming both left
and right gauge potentials separately, and indeed this does prove to be the
case, though we will not give the proof here. ♦
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4.1.2 Adjoint action and twisted-adjoint action
As in the standard construction, we begin by letting Ad(u) denote the adjoint
action on H of a unitary u ∈ A by
Ad(u)ψ := uψu∗ = pi(u)(u∗)	ψ = pi(u)Jνpi(u)ν−1J−1ψ
for all ψ ∈ H. Note that in terms of the notation we have developed, this
gives
Ad(u)−1ψ = u∗ψu = pi(u∗)u	ψ = pi(u∗)Jνpi(u∗)ν−1J−1ψ.
Furthermore, by A˜d(u) we denote the ‘twisted’ adjoint action
A˜d(u)ψ := uψν˜2(u∗) = pi(u)(u∗)⊕ψ = pi(u)Jν−1pi(u)νJ−1ψ
for all ψ ∈ H.
Lemma 4.4. Let (A,H, D, J, ν) be a spectral triple with twisted real struc-
ture. For any u ∈ U(A) it holds that
A˜d(u)DAd(u)−1 = D + pi(u)[D,pi(u∗)] + ε′νJpi(u)[D,pi(u∗)]J−1ν.
Proof. The proof is given by a straightforward computation (we suppress
representations for brevity):
A˜d(u)DAd(u)−1 = uJν−1uνJ−1DJνu∗ν−1J−1u∗
= ε′uνJuDu∗J−1νu∗
= ε′uνJ(D + u[D,u∗])J−1νu∗
= uDu∗ + ε′uνJu[D,u∗]J−1νu∗
= D + u[D,u∗] + ε′uνJu[D,u∗]J−1νu∗.
Now all that remains is to massage the final term on the right hand side:
ε′uνJu[D,u∗]J−1νu∗ = ε′νJνJ−1uνJu[D,u∗]J−1νu∗JνJ−1ν
= ε′νJ(Jν−1uνJ−1)u[D,u∗](Jνu∗ν−1J−1)J−1ν
= ε′νJu[D,u∗](Jνuν−1J−1)(Jνu∗ν−1J−1)J−1ν
= ε′νJu[D,u∗]J−1ν,
thus giving the claimed result. Note that on the third line, we have used
(2.3) and (2.4).
Note. We refer to Dirac operators obtained by gauge transformations of a
non-fluctuated Dirac operator as being pure gauge.
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Proposition 4.5. Let (A,H, D, J, ν) be a spectral triple with twisted real
structure, and consider a fluctuated Dirac operator Dω = D+ω+ε′νJωJ−1ν.
Then for any u ∈ U(A), one has
A˜d(u)Dω Ad(u)
−1 = D + ωu + ε′νJωuJ−1ν,
with the gauge transformed ωu given as above.
Proof. Without loss of generality, we can take ω = a[D, b], where we are
again suppressing representations for brevity. In that case, we have
A˜d(u)ωAd(u)−1 = uJν−1uνJ−1a[D, b]Jνu∗ν−1J−1u∗
= ua[D, b](Jνuν−1J−1)(Jνu∗ν−1J−1)u∗
= ua[D, b]u∗ = uωu∗,
and a slightly more involved (but not qualitatively different) calculation gives
A˜d(u)(ε′νJωJ−1ν) Ad(u)−1 = ε′uJν−1uνJ−1νJa[D, b]J−1νJνu∗ν−1J−1u∗
= ε′uνJua[D, b]u∗J−1νu∗
= ε′νJνJ−1uνJua[D, b]u∗J−1νu∗JνJ−1ν
= ε′νJ(Jν−1uνJ−1)ua[D, b]u∗(Jνu∗ν−1J−1)J−1ν
= ε′νJua[D, b]u∗(Jνuν−1J−1)(Jνu∗ν−1J−1)J−1ν
= ε′νJua[D, b]u∗J−1ν = ε′νJuωu∗J−1ν.
Collecting these results and combining with Lem. 4.4, one finds the claimed
result.
Proposition 4.6. Let (A,H, D, J, γ, ν) be an even spectral triple with twisted
real structure. Then for any u ∈ U(A), the gauge transformation of the
spectral triple by u is characterised by the following operator actions:
V˜ pi(a)V˜ −1 = V pi(a)V −1 = pi(uau∗), (4.1)
V˜ DV −1 = Du, (4.2)
V˜ γV˜ −1 = V γV −1 = γ, (4.3)
V˜ νJV˜ −1 = νJ, (4.4)
V JνV −1 = Jν, (4.5)
for all a ∈ A and V˜ := A˜d(u) = pi(u)Jν−1pi(u)νJ−1 and V := Ad(u) =
pi(u)Jνpi(u)ν−1J−1.
Proof. That V˜ DV −1 = Du is given by Prop. 4.5. All of the other relations
are obtained by straightforward computations.
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The gauge transformation for H (by u ∈ U(A)) is, of course, nothing but
Ad(u)ψ for ψ ∈ H, which was the starting point of this subsection.
Remark. That gauge transformations by u ∈ U(A) send a 7→ uau∗ for a ∈ A
comes from the definition of a gauge transformation, and is exactly the same
as the trivially-twisted case (much as for H). The equations for γ nicely
dovetail with those for A and that for D, which as we saw simply follows
from the earlier constructions.
A curious point is that the real structure J (and hence the twist operator
ν) do not individually obey any invariance with respect to V , V˜ , or their
inverses, as we might hope. In a sense, the pair of equations (4.4) and (4.5)
do make sense as the weakest way of ensuring (4.2) is compatible with (2.5),
but this is still somewhat lacking. The most natural inference from the pair
(4.4) and (4.5) is to accept that there is a covariance instead of an invariance,
in which case we should define Ju = V JV˜ −1 and νu = V˜ νV −1. However,
in that case Ju can only possibly be a real structure if ν is both self-adjoint
and unitary (up to sign). This should be borne in mind for the following
sections.
It is of course also important to note that, for U := pi(u)Jpi(u)J−1,
when ν = 1 (the trivially-twisted case), we have that V˜ = V = U and
V −1 = V˜ −1 = U∗ and all of the above relations reduce to the familiar ones
for unitary equivalences of spectral triples. ♦
Remark. Another curious observation is that when u is permitted to remain
invariant under νˆ, or equivalently, we request that [ν, pi(u)] = 0, we see that
V˜ reduces to pi(u)Jpi(u)J−1 and V −1 to pi(u∗)Jpi(u∗)J−1, which are simply
the familiar unitary operators which implement gauge transformations in the
trivially-twisted case. This is interesting because in principle the remainder
of the twisted real structure remains intact, unlike in the case of Prop. 2.5,
for example.7 That said, it is likely not practical to impose such invariance,
as it would almost surely be far too restrictive on either the available twists
or the usable unitary elements. ♦
4.1.3 Self-adjointness
In the trivially-twisted case, for U := pi(u)Jpi(u)J−1, a gauge transforma-
tion preserves the self-adjointness of the Dirac operator automatically. The
transformed operator Dωu = UDωU∗ is self-adjoint if and only if Dω is, since
U is unitary, and so a gauge transformation yields a spectral triple which is
unitarily equivalent to the former. This is no longer necessarily true when
the real structure is twisted. We now investigate the cases in which it is.
7In that case, the spectral triple with twisted real structure (J, ν = ±ν∗ = ±ν−1) is
equivalent to the trivially-twisted spectral triple with real structure J = νJ . Unitary
equivalence would then be restored automatically with V = U for U = pi(u)J pi(u)J−1.
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Lemma 4.7. If (A,H, D, J, ν) is a spectral triple with twisted real structure,
and Du is the Dirac operator obtained from D by a gauge transformation by
the unitary element u ∈ U(A) then
ν = ±ν∗
is a sufficient condition for Du = (Du)∗.
Proof. From Lem. 4.4 we know thatDu = V˜ DV −1 for V˜ = pi(u)Jν−1pi(u)νJ−1
and V −1 = pi(u∗)Jνpi(u∗)ν−1J−1. Since D is self-adjoint by the defini-
tion of a Dirac operator, we therefore have that Du = (Du)∗ is given by
V˜ DV −1 = (V −1)∗DV˜ ∗ or, expressed more fully,
uJν−1uνJ−1DJνu∗ν−1J−1u∗ = uJ(ν−1)∗uν∗J−1DJν∗u∗(ν−1)∗J−1u∗.
It is clear from simple substitution that ν = ±ν∗ satisfies this equation.
Note that when ν = ±ν∗, one has that V˜ ∗ = V −1 and V ∗ = V˜ −1.
Remark. The requirement that the twist operator be self-adjoint (up to sign)
is well-motivated by comparison to the literature on (real) twisted spectral
triples, where it is equivalent to the common requirement (going back to
[13]) that ρ(a∗) = (ρ−1(a))∗, where ρ is the twisting algebra automorphism8
(ρ can be seen as very roughly analogous to νˆ2 or ν˜2 in the twisted real
structure context, though of course the frameworks differ). ♦
Proposition 4.8. Let (A,H, D, J, ν) be a spectral triple with twisted real
structure, with Dω the Dirac operator obtained by fluctuating D by a 1-
form ω ∈ Ω1D(A) and Duω the Dirac operator obtained from Dω by a gauge
transformation by the unitary element u ∈ U(A). Then, for ν = ±ν∗,
ω = ω∗
is a sufficient condition for Duω = (Duω)∗.
Proof. We begin by considering the Dirac operatorDω = D+ω+ε′νJωJ−1ν.
As D is self-adjoint by assumption, the self-adjointness of Dω is guaranteed
by the condition that
ω + ε′νJωJ−1ν = ω∗ + ε′ν∗Jω∗J−1ν∗.
Taking ν = ±ν∗, this can be rewritten
(ω − ω∗) + ε′νJ(ω − ω∗)J−1ν = 0,
which is clearly satisfied when ω = ω∗.
By Thm. 4.3, Duω = Dωu where ωu = pi(u)ωpi(u∗) + pi(u)[D,pi(u∗)]. The
same reasoning therefore applies with ωu replacing ω, and so Duω will be
self-adjoint when ν = ±ν∗ and ωu = (ωu)∗. However, ω = ω∗ immediately
implies ωu = (ωu)∗.
8Recall that ν˜(a∗) = (νˆ−1(a))∗ and ν˜ ≡ νˆ exactly when ν∗ = ν (up to sign).
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Strictly speaking, it is not necessary to take ν = ±ν∗ for the twisted real
structure formulation to be fully self-consistent. For example, in the case of
the trivial Dirac operator D = 0, which also has trivial fluctuations, one is
free to take a non-self-adjoint twist operator. However, as we are interested
in the general case, assuming self-adjointness (up to sign) proves to be the
only really practical option to guarantee everything will work.
5 The spectral action for spectral triples with twisted
real structures
In light of the results of the previous section, from here on we will take
ν = α1ν
∗ for α ∈ {−1,+1}. When considering twisted real structures, we
have no reason to expect that the standard bilinear form which gives the
fermionic action AD(ψ, φ) := 〈Jψ,Dφ〉 should still make hold unchanged.
Indeed, in the twisted real structure setting, this bilinear form fails to be
suitably (anti)symmetric; we find
AD(ψ, φ) = 〈Jψ,Dφ〉
= ε〈Jψ, J2Dφ〉
= ε〈JDφ, ψ〉
= εε′〈ν−1DJνφ, ψ〉
= εε′〈Jφ, ν−1∗D∗ν−1∗ψ〉 (5.1)
which is not equal to AD(φ, ψ) (up to sign) unless D = ±ν−1D∗ν−1, which
is not true in general.
Therefore our first task is to see if we can construct an alternative bilinear
form A˜D(ψ, φ) which is gauge-covariant and is correctly (anti)symmetric.
Provided that ν is a linear operator, we might take as our first guess that
A˜D(ψ, φ) := 〈Jνψ,Dφ〉, (5.2)
where the usual Hilbert inner product is on the right-hand side, but the real
structure in the first slot has been augmented by the twist operator.
Remark. Equation (5.2) can be written in the form A˜D(ψ, φ) = α1〈Jψ, ν−1Dφ〉,
which allows one to draw a analogy to the work presented in [17], wherein
the authors define the sesquilinear form 〈ψ, φ〉ρ := 〈ψ,Rφ〉 for a linear opera-
tor R = R∗ = R−1 implementing the algebra automorphism ρ(•) := R(•)R∗.
However, for our purposes it is preferable to keep the real structure and twist
together, so we will choose not to use a similarly modified bracket in what
follows. ♦
As in the conventional case, we require that the bilinear form A˜D is
gauge-covariant, i.e., that is satisfies
A˜D(ψ, φ) = A˜Du
(
Ad(u)(ψ),Ad(u)(φ)
)
.
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Using the notation V := Ad(u) = pi(u)Jνpi(u)ν−1J−1 and V˜ = pi(u)Jν−1pi(u)νJ−1,
one finds this is equivalent to the requirement that
〈Jνψ,Dφ〉 = 〈JνV ψ,DuV φ〉
= 〈JνV ψ, V˜ DV −1V φ〉
= 〈JV ψ, V˜ Dφ〉,
which in turn is equivalent to requiring that
V˜ ∗JνV = Jν,
which one can easily compute to be true.
We now check the (anti)symmetry of the bilinear form, assuming that D
is self-adjoint.
A˜D(ψ, φ) = 〈Jνψ,Dφ〉
= ε〈Jνψ, J2Dφ〉
= ε〈JDφ, νψ〉
= α1ε〈νJDφ,ψ〉
= α1εε
′〈DJνφ, ψ〉
= α1εε
′〈Jνφ,Dψ〉
= α1εε
′A˜D(φ, ψ).
The consequence of the above is that the twisted real structure fermionic
action
SF [D,ψ] := 〈Jνψ˜,Dψ˜〉, (5.3)
where ψ˜ is the Grassmann variable corresponding to ψ ∈ {ϕ ∈ H : γϕ = ϕ},
is well-defined and gauge-covariant when D = D∗ and ν = α1ν∗ and is
antisymmetric in KO-dimension 2 mod 8 when α1 = +1.9
The case for the bosonic action
SB(D) = Tr
(
f
(
D
Λ
))
for Λ ∈ R is less neat. The action should be invariant with respect to gauge
transformations of the Dirac operator, but it is not difficult to see that Du
need not have the same spectrum as D in general,10 which is a problem. The
simplest fix for this is to require ν = ±ν−1, which ensures D and Du have
the same spectrum (as then V˜ = V ), but one must be careful not to run
afoul of Prop. 2.5.
9This is relevant because the spectral Standard Model is defined in KO-dimension
4 + 6 = 2 mod 8 and the antisymmetry of the bracket is necessary for the Grassmann
nature of fermion fields.
10If Dψ = λψ, we have Duψu = V˜ DV −1V ψ = λV˜ ψ 6= λψu (see Prop. 4.6).
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6 The Standard Model and beyond
6.1 First attempt
Having gone to the effort of constructing a consistent formulation of gauge
transformations using twisted real structures, the natural thing is to try to
put it to work. As we found in the previous sections, we require ν = ±ν∗
to ensure that fluctuations of the Dirac operator are self-adjoint, and doing
so then means we require ν = ±ν∗ to ensure the bosonic action is well
defined. Unfortunately, the requirement that ν = α1ν∗ = α2ν−1 for α1, α2 ∈
{−1,+1} is very restrictive. Certainly, at the very least, it forces the twist
to be mild, such that (2.4) simplifies to (2.9). Even so, it is worth exploring
the realm of applicability.
The first place to look for something new is the Standard Model, or
at least, the finite part of its spectral triple. We would like to keep the
spectral data (ASM,C96, DSM, JF , γF ) unchanged, as they all carry quite
neat physical interpretations, but it is not difficult to see that this does
not leave much room for adding a twist that does anything. For one thing,
consider how one should simultaneously satisfy νJFDSM = DSMJF ν and
JFDSM = DSMJF for a nontrivial ν.
The next place to look, as suggested in the Introduction, is the Pati-
Salam model of [6], which takes for its spectral data
(ALR,C96, DSM, JF , γF ). (6.1)
It is well known that ALR does not respect the first-order condition with
respect to DSM and JF , so there might be room for a twisted first-order
condition to hold instead. But first we will briefly summarise the approach
of [6].
6.2 Discarding the first-order condition
The solution to the problem that the first-order condition is not satisfied
which is offered by [6] is to discard the first-order condition altogether. This
can be done, as explained in [7], by changing the way the Dirac operator
fluctuates, so that if one wants to fluctuate a Dirac operator D by a one-
form ω =
∑
i pi(ai)[D,pi(bi)], ai, bi ∈ A, rather than use (3.1), one instead
takes
Dω =
∑
i
pi(ai)[D,pi(bi)] +
∑
i
Jpi(ai)J
−1[D,Jpi(bi)J−1]
+
∑
i,j
Jpi(ai)J
−1pi(aj)
[
[D,pi(bj)], Jpi(bi)J
−1], (6.2)
the substantial difference being the inclusion of the final non-linear ‘quadratic’
correction term, which of course goes to 0 when one assumes (2.9) holds.
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This quadratic term, which I will denote ω(2), then gauge transforms
under the rule
ωu(2) = Jpi(u)J
−1ω(2)Jpi(u∗)J−1 + Jpi(u)J−1
[
pi(u)[D,pi(u∗)], Jpi(u∗)J−1
]
.
Though [6] demonstrates that the presence of the quadratic term does not
lead to anything radical in terms of the particle content of the theory, that
is not to say that we should not tread carefully; the sacrifice of the first-
order condition means the Dirac operator can no longer be considered a
(noncommutative) first-order differential operator. This in particular may
be considered too high a price to pay to push the bounds of applicability
of the noncommutative approach to gauge theory, and so we investigate as
an alternative if the above described weakening of the first-order condition
provided by a twisted real structure might serve to obtain some alternative
noncommutative description of the Pati-Salam model.
6.3 Multitwisted spectral triples
The trouble with this approach is that, as we have seen, for the bosonic
spectral action to make sense, we need ν = ±ν−1 which reduces the twisted
first-order condition to the ordinary first-order condition, which we already
know does not hold for (6.1). A loophole is provided by the proposed mul-
titwisted real spectral triples of [14]. This formalism is an extension of the
twisted real structures introduced in §2. We will not explain it in depth here,
but to summarise, one decomposes the Dirac operator such that
D =
∑
`
D`, ` ∈ {1, 2, . . . , N},
and to each component D` associates a twist operator ν`. Therefore, prac-
tically speaking, in all of the definitions in §2 one replaces ν with ν` and
D with D`, additionally replacing (2.3) with the multitwisted zeroth-order
condition [
pi(a), Jν`pi(b)ν
−1
` J
−1] = 0 = [pi(a), Jν−1` pi(b)ν`J−1] (6.3)
for all `, and replacing (2.4) with the multitwisted first-order condition
[D`, pi(a)]Jν`pi(b)ν
−1
` J
−1 = Jν−1` pi(b)ν`J
−1[D`, pi(a)] (6.4)
for all `. These last two changes are not trivial (even when N = 1) because
we also now no longer require that ν`pi(A)ν−1` ' A, and instead only require
that conjugation by ν` is an automorphism of B(H). Having taken all of the
above changes, the formulation of gauge transformations presented in §§3–5
extends in the obvious way.
There are therefore two ways in which the spectral Pati-Salam model
might be (re)constructed using multitwisted real structures: one is that even
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for a single twist (N = 1), we have a broader selection of twists to work with
than earlier assumed, and of course the other is the possibility to try to use
multiple twists (N > 1).
Notation. Because we no longer necessarily have that νpi(A)ν−1 ' pi(A),
from here on we will use a slightly different notation for twisted commutators
to that described in §2. We will now take [A,B]ρ := AB − ρ(B)A, where here
ρ is a map acting directly on operators. As a further point of notation, we
will make use the shorthand Ad(ν) =: ν¯.
6.4 The Pati-Salam case (shown with a toy model)
The matrices involved in the (finite part of the) spectral Pati-Salam case
are quite large and unwieldy, and thus difficult to express written out in
full. However, many of the issues that come up when working with them
also arise in the simpler toy model given in [7], and so for demonstrative
purposes we will largely present that case instead. We take for the algebra
Atoy = CL ⊕ CR ⊕M2(C), represented as matrices acting on the Hilbert
space C8 by
pi : (λL, λR,M) 7→ (diag(λL, λR)⊗ 12)⊕ (12 ⊗M).
The real structure is then given by J =
(
0 14
14 0
) ◦ c.c., where c.c. denotes
complex conjugation. Next we consider the Dirac operator D, which is given
by
D =
(
S T ∗
T S¯
)
where S =
(
0 kx
k¯x 0
)
⊗ 12 and T = diag(ky, 0, 0, 0). With respect to this
Dirac operator, the ordinary first-order condition (2.9) is only satisfied for
the ‘symmetry-broken’ subalgebra CL⊕CR⊕C0 ⊂ Atoy. First we will briefly
investigate if it is possible to satisfy the multitwisted first-order condition
(6.4) for the unbroken algebra Atoy instead.
We start by considering matrices which, for the sake of notational ease,
we call B+` := Jν`pi(b)ν
−1
` J
−1 and B−` := Jν
−1
` pi(b)ν`J
−1 for b ∈ Atoy, all of
which must be elements of pi(Atoy)′ in order to satisfy (6.3). As such, B±`
must take the formm⊕n⊕diag(µ1, µ1, µ2, µ2) form,n ∈M2(C), µ1, µ2 ∈ C.
The question then is whether we can identify some operator(s) ν` which
would allow us to obtain B±` from a given b ∈ Atoy. Assuming we have N = 1
twists, it is not difficult to compute the one-forms [D,pi(a)], a ∈ Atoy, and
it is with respect to such one-forms we can try to impose the usual twisted
first-order condition (2.4), i.e., we demand that [D,pi(a)]B+ = B−[D,pi(a)].
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Doing so further restricts B± to be of the form
B+ =
(
m+11 0
m+21 m
+
22
)
⊕
(
µ+1 n
+
12
0 n+22
)
⊕ diag(µ+1 , µ+1 , µ+2 , µ+2 ), (6.5a)
B− =
(
µ+1 n
+
12
0 n+22
)
⊕
(
m+11 0
m+21 m
+
22
)
⊕ diag(m+11,m+11, µ−2 , µ−2 ), (6.5b)
where we have tried to express everything in terms of elements of B+.
Even relaxing the requirement that ν2 = 1 (in which case B− = B+),
reading off (6.5a) and (6.5b) there is a strong suggestion that ν2 be given by a
pair of blockwise flips (on the first and last pairs of 2×2 blocks respectively),
but in that case one must still make the identifications µ+2 = m
+
11 and µ
−
2 =
µ+1 , which necessarily breaks the algebra Atoy down to a subalgebra. Not
imposing those identifications, it is not at all clear what (or if any) ν can be
found to relate B− to B+. When ν2 = 1 however, it is immediately clear
that Atoy breaks to C3.
The ultimate reason for this breaking of the algebra is T being nonzero;
thus, if multitwists are to be applicable, it would make sense to decompose
D into D1 = S ⊕ S¯ and either D2 =
(
0 T ∗
0 0
)
and D3 =
(
0 0
T 0
)
, or
D2′ := D2 +D3. Using the same method as before we find that, as expected,
the ` = 1 case is well behaved, but the same cannot be said for the other
components.
Proposition 6.1. The requirement that (Atoy,C8, D1 + D2′ , J, {ν1, ν2′}),
where D1 =
(
S 0
0 S¯
)
and D2′ =
(
0 T ∗
T 0
)
, with all other data defined as above
and twists satisfying ν21 = ν
2
2′ = 1, be a multitwisted spectral triple breaks the
algebra Atoy to C3.
Proof. Since we are taking ν21 = ν22′ = 1, all twisted commutators become
ordinary commutators. This means we can directly apply Prop. 4.1 of
[15] to each component of the Dirac operator (with the associated twist),
but instead taking the map (•)◦ of [15] to mean ν`Jpi(•)J−1ν` for a given
` ∈ {1, 2′} (which takes the algebra to its commutant thanks to the twisted
zeroth-order condition (6.3)).
Thus, focussing on the second component, we have that D2′ satisfies the
twisted first-order condition if and only if it decomposes into
D2′ = D2′,0 +D2′,1
for D2′,0 ∈ (ν2′Jpi(Atoy)J−1ν2′)′ and D2′,1 ∈ pi(Atoy)′. However, we know
the shape of D2′ , and so we know that no nonzero part of it lies within
pi(Atoy)′, and so we must have D2′,1 = 0. This means we must have[
D2′ , ν2′Jpi(a)J
−1ν2′
]
= 0 (6.6)
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for all a ∈ Atoy.
Now, by the definition of a multitwisted spectral triple we should have
ν2′JD2′ = ε
′D2′Jν2′ . However, we know that JD2′ = D2′J , which implies
that D2′ = ±ν2′D2′ν2′ . Substituting this into (6.6) gives
ν2′
[
D2′ , Jpi(a)J
−1]ν2′ = 0,
but this is only true when a lies within the symmetry-broken subalgebra
C3.
Remark. Indeed, the above argument carries over in exactly the same man-
ner for the full Pati-Salam case, making the appropriate replacements, i.e.,
replacing D2′ by the block off-diagonal part of DSM, Atoy by ALR (the
symmetry-broken subalgebra of ALR being ASM), and the other data by
their higher-dimensional equivalents. ♦
While this doesn’t in principle rule out the 2-twisted case (since the
decomposition of the Dirac operator is not unique), it does eliminate the
most promising candidate. For the 3-twisted case with the decomposition
we described before, Prop. 6.1 carries over with only minor modifications.
Proposition 6.2. The requirement that (Atoy,C8, D1+D2+D3, J, {ν1, ν2, ν3}),
where D1 =
(
S 0
0 S¯
)
, D2 =
(
0 T ∗
0 0
)
and D3 =
(
0 0
T 0
)
, with all other data defined
as above and twists satisfying ν21 = ν
2
2 = ν
2
3 = 1, be a multitwisted spectral
triple breaks the algebra Atoy to C3.
Proof. The preliminaries carry over exactly as in Prop. 6.1. Now, we focus
on D2 and D3, beginning with D2. By [15, Prop. 4.1], we have that D2
satisfies the twisted first-order condition if and only if it decomposes into
D2 = D2,0 +D2,1
for D2,0 ∈ (ν2Jpi(Atoy)J−1ν2)′ and D2,1 ∈ pi(Atoy)′. However, as before we
know that D2,1 = 0. This means we must have[
D2, ν2Jpi(a)J
−1ν2
]
= 0 (6.7)
for all a ∈ Atoy.
Now, by the definition of a multitwisted spectral triple we should have
ν2JD2 = ε
′D2Jν2. However, we know that JD2J−1 = D3, which implies
that D2 = ±ν2D3ν2. Substituting this into (6.7) gives
ν2
[
D3, Jpi(a)J
−1]ν2 = 0. (6.8)
Going through the same procedure for D3 yields
ν3
[
D2, Jpi(a)J
−1]ν3 = 0, (6.9)
and the pair of equations (6.8) and (6.9) can only be satisfied when a lies
within the symmetry-broken subalgebra C3 as before.
30
One further point which is worth remarking upon is that the Dirac oper-
ator for this toy example is not only simpler than the Standard Model/Pati-
Salam case due to the lower dimensionality. With respect to a given choice
of basis, one has DSM =
(
SSM T
∗
SM
TSM S¯SM
)
where
SSM =

0 0 k∗ν 0
0 0 0 k∗e
kν 0 0 0
0 ke 0 0
⊕ 3⊕
i=1

0 0 k∗u 0
0 0 0 k∗d
ku 0 0 0
0 kd 0 0
 , TSM = ( kνR 01×15015×1 015×15
)
,
and all entries are in M3(C).11 Taking kν = ku and ke = kd is called
quark-lepton unification, and this simplifies the mathematics significantly.
For example, if one takes TSM = 0 and assumes quark-lepton unification,
then it is not particularly difficult to find twists (not dissimilar to the toy
model case). However, even with TSM = 0, without quark-lepton unification
this task becomes much more difficult. This is inconvenient because, while
quark-lepton unification is plausible depending on one’s choice of unification
scale (where the Dirac operator is defined, and which depends on the particle
content), such extra conditions should be avoided where possible.
6.5 Other issues
It is worth mentioning here that even apart from the above discussion, there
are other issues worth mentioning in this context. Even if we had found
twist(s) which recovered some twisted first-order condition, such twists would
likely not be of much physical interest. The reason comes from (5.3) and the
fact that DSM is the fermionic mass matrix. Ordinarily, the Dirac/Majorana
mass terms in the action come from the fermionic spectral action of the
unfluctuated Dirac operator
〈JFψ,DSMψ〉,
but now in the multitwisted case it seems that this should be replaced by∑
`
〈JF ν`ψ,D`ψ〉,
where here
∑
`D` = DSM specifically.
If we would like to maintain the physical relevance of the model, it would
likely be necessary to instead use some
J ′` := ν`JF or D
′
` := α1ν`D`
11Note that the matrices ki (i = ν, e, u, d, νR) are not arbitrary elements of M3(C), but
are subject to further constraints which we will not go into here. See [12] for more.
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instead of JF or D` respectively (where ν` = α1ν∗` for all `).
12 These both
have problems though.
The choice of J ′` seems initially preferable to D
′
`, as ν`J
′
`D` = D`J
′
`ν`
automatically gives JFDSM = DSMJF provided that ν` = ν−1` (for all `).
However, this neatness is telling, and indeed one finds that using J ′` reduces
(6.4) to (2.9) with JF in this case, and we already know that (2.9) does not
hold for ALR.
If we use D′` instead, we run into the different issue that we already
require (by definition) that
∑
`D` = DSM, but in order to have the correct
action we would also need
∑
`D
′
` = α1
∑
` ν`D` = DSM, which needless to
say also makes it difficult to have nontrivial twists.
7 Future directions
The above investigation seems to leave little space for the application of
twisted real structures to the spectral formulation of the left-right symmetric
extension to the Standard Model, as they simply result in a reduction to the
Standard Model. Is there any more that could be done? We suggest three
possible avenues.
One approach could be to try to marry the (multi)twisted real structure
formalism to the twisted spectral triple approach to the Standard Model
and its extensions, which is an active area of research (see e.g., [21, 18] and
subsequent papers). While the cited papers focus on twisting the (doubled)
commutative part of the spectral triple, it might be worthwhile in this pos-
sible ‘hybrid twisted’ setting to investigate twists on the finite part, or even
on both. We leave this long-term endeavour for future investigation.
A second idea is to shift perspective away from the finite part of the
spectral triple and towards the commutative part instead. For example, in
[16] it was shown that the Hodge-de Rham spectral triple for a Riemannian
manifold can be made into a real spectral triple if equipped with a twisted
real structure. This twisted real structure may allow for nontrivial inner
fluctuations of the Dirac operator −i(d − d∗), which is not the case when
compared to the usual spin manifold formulation with Dirac operator /∂, and
that could in turn lead to some interesting geometrical features (in isolation
or when coupled with a finite spectral triple).
Another approach which keeps the focus on the commutative part of
the spectral triple is to attempt to follow more closely in the direction of
[17] and investigate if twisted real structures could have any applications to
Lorentzian spectral triples, for example, by using the ‘untwisting’ procedure
described in [3].
12Note that Prop. 2.5 does not hold in the multitwisted formalism, but it is worth
keeping track of signs nevertheless.
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